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Symmetry and collective motion
M. Grigorescu
This work presents the basic elements of the formalism involved in the treat-
ment of Hamiltonian dynamical systems with symmetry and the geometrical
description of collective motion.
PACS:02.40.Hw, 02.20.Sv
1
1 Introduction
The continuous symmetries of physical systems are reflected not only by
conservation laws, but also by constraints on the probability, or particle dis-
tribution functions, and phase-space reduction.
Similarly to the cohomology groups [1], defined in terms of finite cover-
ings by open sets, the statistical distributions are defined with respect to
the partition of the phase-space in ”elementary cells”. In general, this space
is the cotangent fibration over a configuration space which is homogeneous
for the action of a kinematical symmetry group, such as SO(3,R) or Galilei.
When a many-particle equilibrium distribution of minimum energy breaks
to some extent this symmetry, then it defines an ”intrinsic frame”, and the
low-energy dynamics of the system can be described in terms of collective
modes.
This work presents1, following [2, 3] as main references, the elements of
the formalism involved in the treatment of Hamiltonian dynamical systems
with symmetry. The ”momentum map” provided by the set of invariant ob-
servables is presented in Section 2. The related Marsden-Weinstein reduction
of the phase-space is discussed in Section 3. The geometrical approach to
collective motion is formulated and illustrated in examples in Section 4.
2 Symplectic actions and the moment map
Let M be a smooth manifold. An action to the left of the Lie group G on
M is a smooth map Φ : G×M 7→M such that
i) ∀m ∈M,Φ(e,m) = m,
ii) ∀g, h ∈ G, ∀m ∈M , Φ(g,Φ(h,m)) = Φ(gh,m).
The orbit of m ∈M is
G ·m = {Φ(g,m)/g ∈ G} .
The action is transitive if G ·m = M, ∀m ∈ M . In this case M is called a
homogeneous space. The isotropy group of Φ at m ∈M is
Gm = {g ∈ G/Φ(g,m) = m} .
1the next sections are based on the notes of the seminars ”Lie algebras” and ”Dynamical
symmetries and collective variables” given in 1987-1989 at the Institute of Atomic Physics
from Bucharest.
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This subgroup is closed because Φ˜m : G 7→ M , Φ˜m(g) ≡ Φ(g,m) is continu-
ous, and Gm = Φ˜
−1
m (m).
Let Φ be an action of G on the symplectic manifold (M,ω). This action
is symplectic if ω is invariant to Φg (Φg(m) ≡ Φ(g,m)),
Φ∗gω = ω , ∀g ∈ G .
Let Φ : G × M 7→ M be a smooth action, and ξ ∈ TeG ≡ g. Then Φξ :
R×M 7→M defined by
Φξ(t,m) = Φ(etξ, m) , t ∈ R
is an R-action on M , and Φξ is a current on M . The corresponding vector
field given by
ξM(m) =
d
dt
|t=0Φ(etξ, m)
is the infinitesimal generator of the action induced by ξ, and
ξM(Φgm) = TmΦg(Adg−1ξ)M(m)
with Adgξ = TeRg−1Lgξ (Appendix 1).
Proposition 1. Let Φ be an action to the left of G on M , and Φ˜m : G 7→ M
defined by Φ˜m(g) = Φ(g,m), ∀m ∈ M . Then:
i) for any ω ∈ Ωq(M), Φg-invariant (Φ∗gω = ω), one can define a map2
Σ : M 7→ Λq(g),
Σ(m) = Φ˜∗mω .
ii) the map Σ is a G-morphism (equivariant):
Σ ◦ Φg = Ad∗g−1Σ .
Theorem 1. Any symplectic action of a Lie group G on (M,ω) defines a
G-morphism Σ : M 7→ Z2(g) such that:
i) Σ(M) is a union of G-orbits in Z2(g).
ii) if the action of G on M is transitive, then Σ(M) is a single orbit.
Let Σ ∈ Z2(g), g ≡ TeG, considered as a 2-form on G, and
gΣ = {ξ ∈ g/LξΣ = 0} , hΣ = {ξ ∈ g/iξΣ = 0} ,
2Λk(g) is the set of k-forms on g (the left-invariant subset of Ωk(G)), Zk(g) = {ω ∈
Λk(g), dω = 0}, Hk(g) = Zk(g)/Bk(g) = Ker d(Λk)/dΛk−1.
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where Lξ = iξd + diξ denotes the Lie derivative. Thus, gΣ is the isotropy
algebra of Σ, while the connected group HΣ generated by hΣ is the leaf
through the identity e ∈ G of the characteristic (null) foliation of Σ.
Proposition 2. For Σ ∈ Z2(g), if HΣ is closed in G, then MΣ = G/HΣ is a
symplectic manifold, and the orbit in Z2(g) associated with MΣ is the orbit
of G through Σ.
Proof: Let π : G 7→ MΣ be the projection π(g) = gHΣ. Considering HΣ ≡
m ∈MΣ, then πm(g) = gm = Φ˜m(g), and π = Φ˜m, Σ = π∗mω ▽.
Proposition 3. The G-orbits through the elements Σ ∈ Z2(g) having HΣ
closed are covering spaces for symplectic manifolds (M,ω) on which G acts
transitively.
Proof: Let M = G/H . If iηMω = 0 then ηM = 0 and η ∈ h. Thus, if
Σ = π∗ω then hΣ = {ξ ∈ h} = h, HΣ is the connected component of H , and
MΣ = G/HΣ is covering space for M ▽.
Example. (Kostant - Souriau): If Σ = dβ, β ∈ g∗, then HΣ is closed, and
represents the connected component of the group
Hβ = {g ∈ G/Ad∗g−1β = β} .
Thus, G/HΣ is covering space for the orbit G · β ≃ G/Hβ.
Theorem 2, (Kostant-Souriau): IfH1(g) = H2(g) = {0}, then any symplectic
manifold, homogeneous for G, covers a G-orbit in g∗ [4].
Proof . If H2(g) = {0} then ∀ω ∈ Z2(g) has the form ω = dβ, β ∈ g∗,
and Hω is closed. However,if H
1(g) = {0} then ∀β ∈ Z1(g), β = 0, so that
∀ω ∈ Z2(g), ω = dβ with β unique ▽.
Proposition 4. Let us consider ω ∈ Z2(g), left-invariant on G. Then:
i) the subalgebra hω of minimal dimension is commutative.
ii) if M is a homogeneous symplectic space with maximal dimension, then
∀m ∈M , the connected component of the isotropy group Gm is abelian.
Proof. i) Assume ωt = ω + tdθ with θ ∈ Ω1(G), left-invariant. If dim(hω) is
minimal, then dim(hωt) = dim(hω), and ∀ξ ∈ hω can be extended to a curve
ξt = ξ + tη + 0(t
2) ∈ hωt . As iξtωt = 0, θ([ξ, η]) = 0 ∀θ, such that [ξ, η] = 0.
ii) If M ≃ G/H has maximal dimension then H has minimal dimension, and
h = hω is abelian ▽.
Let Φ : G×M 7→ M be a symplectic action of G on (M,ω). The action
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Φ is strongly symplectic3 (Hamiltonian) if there exists a (comomentum) map
λ : g 7→ F(M) ,
such that iξMω = dλξ. A strongly symplectic action Φ is strongly Hamilto-
nian if λ is a G-morphism (equivariant), namely
Φ∗g−1λ = λ ◦ Adg ,
and the diagram
0 7→ R 7→ F(M) 7→ ham(M) 7→ 0
λ տ ↑
g
commutes.
Let Φ : G×M 7→ M be a symplectic action on the connected symplectic
manifold (M,ω). Then J : M 7→ g∗ is a moment map for the action Φ if
∀ξ ∈ g
iξMω = dJˆ(ξ)
where Jˆ(ξ) :M 7→ R is defined by Jˆ(ξ)m = Jm · ξ ≡ 〈Jm, ξ〉. In particular, a
Hamiltonian action Φ : G×M 7→M defines a moment map by Jˆ(ξ) = λξ.
Proposition 5. Let M be a symplectic connected manifold and Φ : G×M 7→
M a symplectic action with the moment map J . For any a ∈ G and ξ ∈ g
one defines the map Zˆa(ξ) : M 7→ R,
Zˆa(ξ) = Φ
∗
a−1 Jˆ(ξ)− Jˆ(Adaξ) .
Then
i) Zˆa(ξ) is a constant on M and defines a map Z : G 7→ g∗, 〈Za, ξ〉 = Zˆa(ξ),
called coadjoint cocycle.
ii) Z satisfies the identity Zab = Za + Ad
∗
a−1Zb.
Proof. M is connected and dZˆa(ξ) = 0 on M , such that Zˆa(ξ) is a constant
▽.
3If H1(M,R) = {0} then every closed 1-form is exact, and every symplectic action is
strongly symplectic.
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One should note that the cocycle Z : G 7→ g∗ defines an infinitesimal
cocycle ω ∈ Z2(g), by
ω(ξ, η) =
d
dt
|t=0Zˆexp(ξt)(η) = {Jˆ(ξ), Jˆ(η)} − Jˆ([ξ, η]) . (1)
A coadjoint cocycle ∆ : G 7→ g∗ is coboundary if there exists µ ∈ g∗ such
that
∆a = µ− Ad∗aµ .
Similarly to (1), ∆ defines an infinitesimal coboundary δ ∈ B2(g) by
δ(ξ, η) =
d
dt
|t=0∆ˆexp(ξt)(η) = −µ · [ξ, η] , δ = dµ .
The set of the equivalence classes [Z] of the cocycles-mod-coboundaries is
the (deRham) cohomology space4 H2(G,R) of G.
Proposition 6. Let J1 and J2 be two moment maps for the symplectic action
Φ : G×M 7→M , with cocycles Z1 and Z2. Then [Z1] = [Z2], so that to any
symplectic action which admits a moment map it corresponds a well defined
cohomology class.
Proposition 7. Let Φ : G×M 7→ M be a symplectic action with a moment
map. Then
i) Φ defines a cohomology class [cΦ] ∈ H2(g,R) which measures the obstruc-
tion to find an equivariant moment map (J ◦ Φg = Ad∗g−1J).
ii) an equivariant moment map J exists only iff [cΦ] = 0.
iii) when [cΦ] = 0 the set of all possible equivariant moment maps is param-
eterized by H1(g).
Examples
I. If g is a semisimple Lie algebra (Appendix 2) then H1(g) = H2(g) = 0,
and any symplectic action of G admits an unique equivariant moment map.
II. Let G = H × V be the Galilei group, expressed as a semidirect product
between H = SO(3,R)× R and V = R6. Thus, an element Γ ∈ G,
Γ =

 Aˆ V X0 1 t
0 0 1

 , (2)
4bk(M) = dim H
K(M,R), k = 0, 1, 2, ... are the Betti numbers, and χ(M,R) =∑
k(−1)kbk(M) is the Euler-Poincare´ characteristic of M.
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is specified by Aˆ ∈ SO(3,R), t ∈ R, V ∈ R3 and X ∈ R3. Such an element
acts on a point (x0, t0) of the space-time manifold M = R
3 × R by
ΦΓ(x0, t0) = (Aˆx0 +X+Vt0, t+ t0) . (3)
The algebra g of G has the form g = k + p, where k = {ξˆ ∈ so(3)}, p =
{(v,x, τ) ∈ R7}, k ∩ p = {0}, [k, k] ⊂ k, [k, p] ⊂ p according to
[ξˆ, (v,x, τ)] = (ξˆv, ξˆx, 0) ,
and [p, p] ⊂ p,
[(v,x, τ), (v′,x′, τ ′)] = (0, τ ′x− τv′, 0) .
Proposition 8. If G is the Galilei group5, then H2(g) is 1-dimensional, and
up to a coboundary any cocycle Σ ∈ Z2(g) is given by
Σ((ξˆ,v,x, τ), (ξˆ′,v′,x′, τ ′)) = m(v · x′ − v′ · x) . (4)
Theorem 3. Let Φ be a transitive Hamiltonian action of G on M with the
equivariant moment map J . Then:
i) J maps M on an orbit of G in g∗.
ii) J is an immersion, and M is a covering space for J(M).
Proof. (i) Φ∗g−1J = J ◦Adg, with Φg transitive. (ii) Let TmJ · ηM = 0, η ∈ g,
ηM ∈ TmM . Then
〈TmJ · ηM , ξ〉 = 0 , ∀ξ ∈ g .
If dJξ · ηM = 0 then ω(ξM , ηM) = 0 ∀ξ ∈ g. However {ξM(m)/ξ ∈ g} = TmM
and ω is nondegenerate, such that ηm = 0. Thus, Ker(TJ) = {0}, and J is
an immersion ▽.
3 Dynamical systems with symmetry
3.1 Introduction
The description of space and time in classical mechanics in terms of a class
of reference frames which are equivalent with respect to formulation of the
5The result for the Lorentz group is presented in [5].
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principles of mechanics extends the notion of geometrical symmetry to the
one of symmetry of equations of classical mechanics. This symmetry has a
kinematical character, because is independent of the physical system under
consideration, and the effect of symmetry transformations is a change in the
reference frame. As the set of geometrical symmetry transformations is a
group, the kinematical symmetry transformations form a Lie group, called
Galilei group in the nonrelativistic case, or Poincare´ in relativistic mechanics.
The existence of these symmetry groups is reflected by the existence of a set
of observables {Jα}α∈I which remain invariant during the time-evolution of
the physical system. The fields {Xα}α∈I on the classical phase-space (M,ω),
iXαω = dJα, generated by {Jα}α∈I , commute with the field XH , iXHω = dH
of the Hamilton function, and H is a constant on the leaves J−1α (µα) ⊂ M
determined by regular values {µα}α∈I . As a result, the ”intrinsic” dynamics
provided by H is defined on a phase-space M¯ , called ”reduced phase-space”,
with a dimension smaller than of the initial phase-space M .
The existence of additional invariant observables, beside the ones provided
by the kinematical symmetry, implies the existence of a larger symmetry
group, specific for the physical system under consideration, called dynamical
symmetry group (in the case of nonrelativistic Kepler problem this is SO(3, 1)
for states with positive energy, H = E > 0, and SO(4,R) for bound states,
H = E < 0). Its existence implies a lower dimensionality of the reduced
phase-space, and allows a partial description of the intrinsic dynamics in
terms of the group action. When the reduced phase-space M¯ with respect to
the action of the dynamical symmetry group G is a point, the system is called
completely integrable, and the Hamiltonian current on M is provided by the
action of G, or one of its subgroups. In general, a similar result is obtained
for an equilibrium point on M¯ of the reduced Hamiltonian, or for systems
with constraits which ”freeze” the dynamics on M¯ . In such a situation the
system has a collective behaviour, because the Hamiltonian current on M
arises by the action of G, and can be described completely using a number
of variables smaller than the dimension of M .
3.2 The reduced phase-space
Let (M,ω) be a symplectic manifold, Φ : G ×M 7→ M a symplectic action
of G on M , J : M 7→ g∗ a moment map for Φ such that J ◦ Φg = Ad∗g−1J ,
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and
Gµ = {g ∈ G/Ad∗g−1µ = µ} ,
with µ a regular value6 of J . Then:
i) Pµ = J
−1(µ) is a submanifold of M .
ii) ∀p ∈ J−1(µ), Tp(Gµ · p) = Tp(G · p) ∩ TpPµ, such that Gµ acts on J−1(µ).
The proof of (i) follows from the Sard’s theorem, while for (ii) J ◦ Φg =
Ad∗g−1J shows that ξM(p) ∈ TpJ−1(µ) iff ξg∗(µ) = 0, namely ξ ∈ gµ ▽.
An action Φ : G×M 7→ M is called proper if the map Ψ : G×M 7→M×M
defined by Ψ(g,m) = (m,Φg(m)) is proper
7. For such an action ∀m ∈ M ,
Gm = {a ∈ G/Φa(m) = m} is compact. The action is called free if Gm = {e}.
If µ is a regular value of J , then the action of Gµ on J
−1(µ) is locally
free, and provides a foliation having as leaves the orbits of Gµ. If the action
of Gµ is proper, then the orbits Gµ · p, p ∈ Pµ, are closed submanifolds in
J−1(µ). If the action of Gµ is free, ∀p ∈ Pµ, Gp = {e} ⊂ Gµ, and there exists
a submanifold S ⊂ Pµ, containing p, having the properties:
i) S is closed in Gµ(S).
ii) Gµ(S) is an open neighborhood of the orbit Gµ · p.
iii) if a ∈ Gµ and Φa(S) ∩ S 6= ∅ then a = e.
This last property shows that the leaves of Gµ through the points of S may
intersect at most once, so that the space of the orbits M¯ = J−1(µ)/Gµ has
the structure of a manifold (the coordinates on S can be choosen as local
coordinates on M)8. Moreover, M¯ is Hausdorff because the orbits are closed
submanifolds in J−1(µ) (Gµ is closed and Φ is continuous). When (iii) does
not hold ∀S, then Gp 6= {e}.
Let P be a manifold and ω ∈ Z2(P ). Then
Eω = {v ∈ TP/ivω = 0}
is called the characteristic distribution of ω. If Eω is a subbundle of TP , then
ω is called regular on P . In such a case, the distribution Eω is integrable,
6For f : M 7→ N of class C1, n ∈ N is a regular value of f if ∀m ∈ f−1({n}), Tmf is
surjective.
7Which means that any compact subset K ⊂M ×M is the image of a compact subset
Ψ−1(K) ⊂ G ×M , or that if the sequences xi and Φgixi, i = 1, 2, 3, ..., are convergent,
then gi contains a convergent subsequence.
8If the action of G on M is smooth, free and proper then M 7→ M/G is a principal
bundle with G as fiber and structure group, [2] p. 276.
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and it defines a foliation F on P . Let M¯ = P/F be the space of leaves,
obtained by the identification of the points from each leaf. The space M¯ has
the structure of a manifold if any point of a leaf is contained in a submanifold
S, transversal to the leaf, such that S intersects the leaf at most once. In
this case, the local coordinates on S can be used as local coordinates on M¯ ,
and M¯ aquires the structure of a manifold.
Proposition 9. Let G be a compact Lie group acting on the manifold P such
that its orbits provide a foliation of P . For p ∈ P , Gp = {a ∈ G/Φa(p) = p},
and G0p denotes the connected component of Gp. Then the foliation of P by
G-orbits is fibration iff the representation of Γp = Gp/G
0
p on the space Np,
normal to the orbit G · p, is trivial ∀p ∈ P .
Examples of one-dimensional foliations which are not fibrations
1. The linear current on the 2-dimensional torus
Let T = R2/Z2 be the 2-dimensional torus, with coordinates
[x, y] = (x, y)modZ2 , (x, y) ∈ R2 .
An action Φt : T 7→ T , t ∈ R, of R on T , can be defined by
Φt[x, y] = [x+ at, y + bt] ,
where a, b are real constants. Thus, {Φt[x, y]/t ∈ R} is the leaf at [x, y].
When the ratio a/b is irrational, any such orbit is dense on the torus.
Let M¯ be the space of the leaves of the foliation, and π : T 7→ M¯ ,
π[x, y] = {Φt[x, y]/t ∈ R} ,
the projection on M¯ . Presuming that there exists a topology on M¯ with
respect to which π is continuous, let U be an open set on M¯ . If U 6= ∅, then
π−1(U) = T , so that U = M¯ . Thus, the only admissible topology on M¯ is
the trivial one.
2. The S1 orbits on the Mo¨bius band
Let ϕ : Z× R2 7→ R2 be the action of Z on R2 given by
ϕn(x, y) = A
n(x, y) , n ∈ Z, A(x, y) = (x+ 1,−y) .
The Mo¨bius band is then M = R2/Z, with points
[x, y] = {ϕn(x, y)/n ∈ Z} ∈M .
10
Also, M is a bundle over the circle S1, with projection π : M 7→ S1,
π[x, y] = xmodZ .
Let Φ : G×M 7→M be the action on M of the circle G = R/2Z, given by
Φt[x, y] = [x+ t, y] , t ∈ R .
The orbits of G onM are double coverings for the central circle S1 = ΦR[x, 0],
and M¯ is a half-line. It can be parameterized by y ≥ 0, but is not a manifold
near y = 0.
Theorem 4. Let (M,ω) be a symplectic manifold, G a Lie group acting
symplectically on M , and J : M 7→ g∗ the equivariant moment map. Let
µ ∈ g∗ be a regular value of J , and presume that Gµ acts freely and properly
on J−1(µ) ≡ Pµ. If iµ : J−1(µ) 7→M is the inclusion, and i∗µω = ω|Pµ, then:
The leaves of the characteristic distribution of the form i∗µω on Pµ are orbits
for Gµ, and the orbit space M¯ = J
−1(µ)/Gµ has the structure of a symplectic
manifold (M¯, ω¯), π∗ω¯ = i∗µω, with π : Pµ 7→ M¯ the projection π(p) = {Gµ ·p}.
Proof. ∀ξ ∈ gµ, iξMω|Pµ = 0, and ξM ∈ Ei∗µω. Conversly, let v be an element
of TpPµ, but not of Tp(Gµ · p), such that ivω|Pµ = 0. If F = Tp(G · p) ∪ TpPµ
, then F ∩ F⊥ = Tp(Gµ · p). As ω is nondegenerate on TpM , F/F ∩ F⊥
should be symplectic, with ωˆ([f ], [f ′]) = ω(f, f ′), f, f ′ ∈ F . Thus, if ivω = 0,
v ∈ TpPµ, then also i[v]ωˆ = 0, so that [v] = 0 and v ∈ Tp(Gµ · p) ▽.
Examples
1. Let f1, f2, ..., fn be n functions in involution, {fi, fj} = 0, with respect to
the Poisson backet on a 2N -dimensional manifold M . Considering G = Rn,
µ ∈ Rn and J = f1×f2×...×fn, then Gµ = G and dim(J−1(µ)/G) = 2N−2n.
When n = N = dimM/2 the system is called completely integrable.
2. Let H be a complex Hilbert space with the symplectic form ω(X, Y ) =
Im〈X|Y 〉, and Φz : H 7→ H, Φzψ = zψ, the action of G = S1 = {z ∈ C/|z| =
1} on H. Then
i) the action Φ is symplectic.
ii) the moment map is Jψ = −i〈ψ|ψ〉/2.
iii) the reduced phase-space is the projective Hilbert space PH.
Proof. The algebra of G is g = {ξ ∈ C/ξ = −ξ∗}, and as Φeξtψ = eξtψ,
ψ ∈ H, ξH(ψ) = ξψ. Also
TψΦzXψ =
d
dt
|t=0Φz(ψ +Xψt) = d
dt
|t=0z(ψ +Xψt) = zXψ
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i) Φ∗zω(Xψ, Yψ) = ω(TψΦzXψ, TψΦzYψ) = ω(zXψ, zYψ) = ω(Xψ, Yψ), or
Φ∗zω = ω.
ii)
iξHω(Xψ) = Im〈ξH(ψ)|Xψ〉 = Im〈ξψ|Xψ〉 = iξRe〈ψ|Xψ〉 ≡
d
dt
|t=0Jˆ(ξ)ψ+tXψ
However, for f(ψ) = 〈ψ|ψ〉,
d
dt
|t=0f(ψ + tX) = 2Re〈ψ|X〉
such that Jˆ(ξ)ψ = iξ〈ψ|ψ〉/2.
iii) As g∗ ≃ g, if µ ∈ g∗ and ξ ∈ g then 〈µ, ξ〉 = µ∗ξ, and Jψ = −i〈ψ|ψ〉/2.
Thus,
J−1(µ) = {ψ ∈ H/〈ψ|ψ〉 = 2iµ} .
Because Gµ = G = S
1 acts on J−1(µ),
J−1(µ)/S1 ≃ {[ψ], ψ ∈ H/〈ψ|ψ〉 = 1} ≡ PH , [ψ] = {zψ/z ∈ C, |z| = 1} ▽ .
Theorem 5. With the assumptions of Theorem 4, let (M,ω) be a symplec-
tic manifold, G a Lie group acting symplectically on M , J : M 7→ g∗ the
equivariant moment map, and H : M 7→ R the Hamilton function, invariant
to the action of G (Appendix 3). If µ ∈ g∗ is a regular value of J , Gµ acts
freely and properly on J−1(µ) ≡ Pµ, iµ : J−1(µ) 7→ M is the inclusion, and
i∗µω = ω|Pµ, then:
i) the current Ft of XH leaves J
−1(µ) invariant and commutes with the action
of Gµ on J
−1(µ), such that it induces canonically a current φt on M¯ ,
πµ ◦ Ft = φt ◦ πµ . (5)
ii) the current φt on M¯ is Hamiltonian, generated by the function H¯ : M¯ 7→
R,
H¯ ◦ πµ = H ◦ iµ
called reduced Hamiltonian.
Proof. (i) As J−1(µ) is invariant to Ft, the projection of Ft on M¯ defines the
current φt by (5), and
(φt ◦ πµ)∗ω¯ = F ∗t π∗µω¯ = F ∗t i∗µω = i∗µω = π∗µω¯ .
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Thus, π∗µ(φtω¯ − ω¯) = 0, and as πµ is surjective, φtω¯ = ω¯.
(ii) Let v ∈ TM and [v] = Tπµv ∈ TM¯ . Then
dH¯([v]) = π∗µdH¯(v) = d(H¯◦πµ)(v) = d(H◦iµ)(v) = i∗µdH(v) = i∗µω(XH , v) =
π∗µω¯(XH , v) = ω¯(TπµXH , Tπµv) = ω¯([XH ], [v]) = i[XH ]ω¯([v]) ,
such that i[XH ]ω¯ = dH¯. Thus, φt has [XH ] = TπµXH as generator and H¯ as
Hamiltonian ▽.
Proposition 10. Let ct, with c0 = m0 ∈ J−1(µ), be an integral curve for XH ,
and [ct] the integral curve for XH¯ , presumed to be known. Let dt ∈ J−1(µ),
with d0 = m0, a smooth curve such that [dt] = [ct]. Then ct is of the form
ct = Φatdt ,
where at ∈ Gµ is provided by the equation a˙t = TeLatξ(t) in which ξ(t) ∈ gµ
is the solution of
ξM(dt) = XH(dt)− d˙t .
Proof. If ct = Φatdt then
XH(ct) = c˙t = TdtΦat d˙t + TatΨdt(at)a˙t , (6)
with Ψm : G 7→M , Ψm(a) = Φam. As
TaΨma˙ = TΨmTRaTRa−1 a˙ = Te(Ψm ◦Ra)TRa−1 a˙ =
TeΨΦamTRa−1 a˙ = (TRa−1 a˙)M(Φam) ,
(6) becomes
XH(Φadt) = TdtΦad˙t + (TRa−1 a˙)M(Φadt) . (7)
However, XH(Φadt) = TdtΦaXH(dt) from the Φa-invariance of XH , and
ξM(Φadt) = TdtΦa(Ada−1ξ)M(dt) , Adaξ ≡ TeRa−1Laξ ,
such that (7) takes the form
XH(dt) = d˙t + (TaLa−1 a˙)M(dt) ,
or ξM(dt) = XH(dt)− d˙t with ξ = TaLa−1 a˙ ▽.
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3.3 Stability
A point m ∈ M is a relative equilibrium if πµ(m) ∈ M¯ is a fixed point for
the Hamiltonian system XH¯ on M¯ . If πµ(m) is on a periodic orbit for XH¯
then m ∈M is called relative periodic.
Proposition 11. Let m0 ∈ J−1(µ) be a point of relative equilibrium for the
Hamiltonian system XH on M , XH = F˙t ∈ χ(M). Then there exists a
one-parameter subgroup at of Gµ such that
mt = Ft(m0) = Φat(m0) , at ∈ Gµ ,
and XH(mt) = ξM(mt), ξ ∈ gµ.
It is important to remark that if m ∈ M is a relative equilibrium, or
relative periodic of small amplitude, then the Hamiltonian system XH on M
has a collective behaviour9.
Let H be a Hamilton function on (M,ω), and G a Lie group acting on M
with the moment map J : M 7→ g∗, so that Φ∗aH = H , a ∈ G. One defines
the energy-moment map H × J : M 7→ R× g∗ by
(H × J)(m) = (H(m), J(m)) .
The previous results indicate that ∀C ∈ R × g∗, C ≡ (E, µ), the set IC =
(H × J)−1(C) is invariant to the curent of XH . The topological structure of
the current is determined by:
- the topological type of IC , ∀C ∈ R× g∗.
- the bifurcation set for the map H × J .
- the current of XH on each IC .
- the decomposition of H−1(E) in submanifolds IC.
The knowledge of the bifurcation set and of the current of XH on each IC
may provide the values of C for which the system has a collective dynamics.
4 Collective dynamics
A classical collective model for the Lie group G is a phase-space (M,ω) on
which G acts symplectically and transitively ((M,ω) is G-elementary). Let
9If ω = −dθ and Φ∗aθ = θ then LξM θ = iξMdθ + diξM θ = 0, and iξMω = dJˆ(ξ) with
Jˆ(ξ) = θ(ξm).
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Φ : G ×M 7→ M be a symplectic action of G on (M,ω) with the moment
map J : M 7→ g∗. A Hamiltonian H on M is called collective if it has the
form
H = hc ◦ J = J∗hc , (8)
where hc : g
∗ 7→ R is a smooth function. If J(M) is a cotangent fibration,
J(M) = T ∗Q, then (8) defines a physical collective model.
Proposition 12. Let Φ : G×M 7→M be a Hamiltonian action of the Lie group
G on (M,ω) with the moment map J : M 7→ g∗, and H = hc◦J , hc : g∗ 7→ R,
a collective Hamiltonian. Then the trajectory mt of the Hamiltonian system
m˙t = XH(mt), m0 ∈M , is completely determined by the trajectory γt of the
Hamiltonian system defined by hc on the orbit O = G · J(m0), γt = J(mt).
Proof. ∀µ ∈ g∗, there exists Lhc(µ) ∈ g, Lhc : g∗ 7→ g, defined by
〈µ˙,Lhc(µ)〉 =
d
dt
|t=0hc(µ+ tµ˙) .
Thus,
iXHω(v) = dH(v) = J
∗dhc(v) = d(hc)J(m)(TmJv) =
〈TmJv,Lhc(Jm)〉 = dJˆ(Lhc(Jm)) · v = i(Lhc Jˆ)Mω(v)
such that XH(m) = (Lhc ◦ J(m))M(m). If γt ∈ O then Lhcγt ⊂ g and at
defined by a˙t = TeLat(Lhcγt) is a curve in G. Considering mt = Φatm0, then
m˙t = Φ˙atm0 = (TatLa−1t a˙t)M(mt) =
(Lhcγt)M(mt) = (Lhc ◦ J(mt))M(mt) = XH(mt) ▽ .
In applications, to obtain the trajectory mt at m0 are necessary several ele-
ments:
1. the orbit O = Ad∗a−1J(m0) ⊂ g∗.
2. the trajectory γt on O for the Hamiltonian system induced by hc.
3. the curve ξt ⊂ g, ξt = Lhc(γt).
4. the trajectory at ⊂ G provided by a˙t = TeLatξt.
The result is then mt = Φat(m0).
It is important to remark that a relative equilibrium for a G-invariant
Hamiltonian system moves on Gµ-collective trajectories, corresponding to
orbits γt ⊂ g∗, degenerate in critical points of some hc. Thus, in such situa-
tions the G-invariance implies Gµ-collectivity.
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In general, the action of G on (M,ω) is not transitive, but the reduced
phase-space (M¯, ω¯) with respect to the action of G is a homogeneous space
for a certain group G0. This is the case for instance when:
- M = T ∗Q and G acts transitively on Q.
- M = T ∗Q and G acts freely on Q.
- M = T ∗G.
Theorem 6. (Kirilov-Kostant-Souriau) Let G be a Lie group, L : G×G 7→ G
the action of G on G by left translations, and Φℓ : G × T ∗G 7→ T ∗G the
action induced by L on T ∗G with the moment map J ℓ : T ∗G 7→ g∗. Then
(notation is explained in Appendix 1):
i) the reduced phase-space (J ℓ)−1(µ)/Gµ can be identified naturally with the
orbit G · µ = {Ad∗a−1µ, a ∈ G} of µ in g∗.
ii) if R˜ : G × G 7→ G is the action to the right of G on G, and Φ˜r :
G × T ∗G 7→ T ∗G is the action induced by R˜ on T ∗G, having the moment
map Jr : T ∗G 7→ g∗, then the Φℓ-invariant Hamiltonians are Φ˜r-collective.
Proof. (i) For µ ∈ g∗, (J ℓ)−1(µ) = {(a, Ad∗aµ), a ∈ G}. Let p ∈ (J ℓ)−1(µ),
p = (a, Ad∗aµ). Because λbp = (ba, Ad
∗
aµ), then λbp ∈ (J ℓ)−1(µ) iff b ∈ Gµ.
Thus, Gµ acts freely and properly on (J
ℓ)−1(µ), and
[(a, Ad∗aµ)] = {(ba, Ad∗aµ), b ∈ Gµ} = Ad∗aµ ∈ G · µ .
(ii) Let H : G × g∗ 7→ R be the Hamilton function. Because λ∗bH(a, µ) =
H(ba, µ), H is λ∗-invariant only when it is independent of a, such that
H(a, µ) = H(µ) = hc ◦ Jr(a,µ), or H = hc ◦ J˜r ▽.
Example: the rigid body
If G = SO(3), then g ≃ g∗ ≃ R3, and ∀µ ∈ g∗, µ = ∑3i=1 µifi, the orbit
G · µ is the sphere of radius |~µ|, ~µ = (µ1, µ2, µ3). The set {fi, i = 1, 2, 3} of
basis elements in g∗ is defined with respect to a set {ξi, i = 1, 2, 3}, of basis
elements in g, [ξi, ξj] = ǫijkξk, such that fi(ξk) = δik.
Let us consider H : T ∗SO(3) 7→ R of the form H = hc ◦ Jr, with
Jr(a, µ) = −µ and hc : g∗ 7→ R,
hc(µ) =
1
2
3∑
i=1
µ2i
Ii
. (9)
As Jˆr(ξi) : T
∗G 7→ R has the expression Jˆr(ξi) = −〈µ, ξi〉 = −µi, and the
Poisson bracket satisfies {Jˆr(ξ), Jˆr(η)} = Jˆr([ξ, η]) from equivariance, we get
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{µi, µj} = −ǫijkµk.
The equations of motion are
µ˙i = {µi, hc} =
3∑
k=1
µk
Ik
{µi, µk} = −
3∑
k=1
ǫikl
µkµl
Ik
, (10)
or
µ˙1 = µ2µ3(
1
I3
− 1
I2
) , µ˙2 = µ1µ3(
1
I1
− 1
I3
) , µ˙3 = µ1µ2(
1
I2
− 1
I1
) .
Introducing ωi = 〈fi,Lhc(µ)〉 = µi/Ii we also get
I1ω˙1 = ω2ω3(I2 − I3) , I2ω˙2 = ω1ω3(I3 − I1) , I3ω˙3 = ω1ω2(I1 − I2) ,
Similar equations can be obtained considering the rigid body rotation as
geodesic motion (Appendix 4).
When I1 > I2 > I3 the critical points ~κ = (κ1, κ2, κ3) of hc on G · µ,
(dhc(TκG · µ) = 0), are
(0,±|~µ|, o) , (±|~µ|, 0, 0) , (0, 0,±|~µ|) .
For the trajectory in the chart Ψ(T ∗G) one obtains
mt = ρat(a0, µ0) = (a0a
−1
t , Ad
∗
a−1t
µ0)
where at is provided by a˙t = TeLatωt, ωt = Lhc(µt).
As presented above, the Kirilov-Kostant-Souriau theorem concerns the case
when on the configuration space Q are defined two actions of the group G
which commute, Φr and Φℓ, free and transitive, such that the action ϕ :
G × Q 7→ Q, ϕa = ΦraΦℓa has a fixed point. In the example of the rigid
body Φℓ corresponds to the rotation of the laboratory frame, while Φr to the
rotation of the intrinsic frame.
Theorem 7. Let Φ : H × Q 7→ Q be a transitive action of the Lie group
H ⊂ Gl(V ) on the manifold Q, and τ : H × V 7→ V a representation of H
in the linear space V . Assume that f : V 7→ F(Q) is a H-equivariant linear
map, (Φ∗h−1f = f ◦ τh, ∀h ∈ H), which defines a Hamiltonian action of the
semidirect product G = H × V on T ∗Q,
Uf(h,v)αq = T
∗
Φhq
Φh−1αq − dfv(Φhq) , (h, v) ∈ G , αq ∈ T ∗Q , (11)
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with the equivariant moment map J : T ∗Q 7→ h∗ + V∗. If ∃q0 ∈ Q such that
Hq0 = HK (the action of G on T
∗Q is transitive), then J(T ∗Q) is a single
G-orbit in g∗, specifically the G-orbit through the point (0, K).
Proof. The action (11) has the form
Uf(h,v) ≡ tfvΦˆh
where
Φˆhαq = T
∗
Φhq
Φh−1αq , tfvαq = αq − dfv(q) .
If j : T ∗Q 7→ h∗ denotes the moment map for the action of H on T ∗Q,
π : T ∗Q 7→ Q is the projection, and vT ∗Q(αq) = −π∗dfv(αq), then the moment
map for the action Uf is provided by
Jˆαq(ξ, v) = ˆαq(ξ) + π
∗fv(αq) .
Considering fv(q0) ≡ 〈K, v〉, K ∈ V ∗, then ∀q = Φh(q0) we get
fv(q) = 〈K, τh−1v〉 = 〈τ ∗h−1K, v〉
such that
Jαq = (jαq , τ
∗
h−1K) , (12)
where αq = Φˆhαq0, and jαq = jΦˆhαq0
= (Ad∗h)
−1j0p , with j
0
p = jαq0 , j
0 : T ∗q0Q 7→
h∗. In the chart on T ∗Q defined by
Ψ : T ∗Q 7→ Q× T ∗q0Q , Ψ(αq) = (q, Φˆh−1αq) ≡ (q, p) ,
(12) takes the form
J ′(q,p) = (Ad
∗
h−1j
0
p , τ
∗
h−1K) . (13)
Let H0 = {h ∈ H/Φhq0 = q0} be the isotropy group of q0, and h0 its algebra.
Thus, ∀ξ ∈ h0, j0p(ξ) = 0, and in fact j0 : T ∗q0Q 7→ h∗/h∗0 ≡ h˜∗0,
h˜∗0 = {µ ∈ h∗/µ(ξ) = 0 ∀ ξ ∈ h0} .
Let also
HK = {h ∈ H/τ ∗h−1K = K}
be the isotropy group ofK, and hK its algebra. Presuming now that h0 = hK ,
then h/h0 = h/hK , Q ≃ H ·K, and as H ⊂ Gl(V ) the action of G on T ∗Q is
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transitive. Thus, J(T ∗Q) is a covering space for the G-orbit G · (0, K).
For (µ,K) ∈ h∗ + V∗ and (h, v) ∈ H × V we get
Ad∗(h,v)−1(µ,K) = (Ad
∗
h−1µ+ (τ
∗
h−1K)⊙ v, τ ∗h−1K) ,
where (h, v)−1 = (h−1,−τ−1h v), Ad∗h−1(K⊙v) = τ ∗h−1K⊙τhv, and (K⊙v)(ξ) ≡
〈K, ξV (v)〉 with
ξV (v) =
d
dt
|t=0τetξ(v) ∈ TvV ≃ V .
If πK : h 7→ h/hK , and µ0 ∈ h∗/h∗K ≡ h˜0K , then
π∗K(µ− µ0) = 0⇔ ∃v ∈ V , µ− µ0 = K ⊙ v .
Thus, ∀j0p ∈ h˜∗K , ∃v ∈ V such that K ⊙ v = j0p , dim K⊙V = dim (H/H0) =
dim Q, and
J ′(q,p) = (Ad
∗
h−1j
0
p , τ
∗
h−1K) = (Ad
∗
h−1(K ⊙ v), τ ∗h−1K) = Ad∗(h−1,−v)(0, K) ,
which shows that JT ∗Q is the single orbit JT ∗Q = Ad
∗
G(0, K) ▽.
One should note that when Q is the orbit Q = H ·K ⊂ V∗, then T ∗Q is
mapped by J on the G-orbit G · (0, K), and any Hamiltonian on M = T ∗Q is
G-collective. Moreover, if (M,ω) is an arbitrary phase-space, and J : M 7→
V ∗, then the action Φ defines a physical collective model. The most general
coadjoint orbit of the semidirect product G = H × V appears as reduced
phase-space with respect to the action to the right of HK on T
∗H .
4.1 Examples
1. The rigid body in external field
Let Q = SO(3,R) = H and V = R3. For the action to the right of G = H×V
on T ∗Q the moment map is
Jr(h, µ) = (−µ, τ ∗h−1K) .
If K ∈ V∗ ≃ R3 is a constant force field, and x ∈ V ≃ R3 is the center of
mass position vector, then the Hamiltonian on T ∗SO(3) is H = hc ◦ Jr, with
hc(µ,K) =
1
2
3∑
i=1
µ2i
2Ii
− 〈K, x〉 .
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2. The liquid drop model
Let V = {w ∈ Gl(3,R)/wT = w, det w > 0} ≃ R6 be the space of the
quadrupole moments wij =
∑N
n=1 xnixnj , i, j = 1, 2, 3 for a system of N
particles. An action τ of H = Sl(3) on V , τ : Sl(3)× V 7→ V
τhw = hwh
T , h ∈ Sl(3)
is induced by its action xn 7→ hxn on R3N , and Q = H ·K, K ∈ V∗, is the
5-dimensional configuration space for the liquid drop.
Let G be the 14-dimensional group G = H × V ≡ CM(3),
CM(3) = {(h, w) =
[
h 0
wh (hT )−1
]
, h ∈ SL(3), w ∈ V ≃ R6} .
Thus,
cm(3) = {(ξ, η) =
[
ξ 0
η −ξT
]
, ξ ∈ sl(3), η ∈ V} ⊂ sp(3,R) ⊂ gl(3,R) ,
and
cm(3)∗ = {(µ, ν)♭ , trµ = 0 , ν = νT /µ ∈ sl(3), ν ∈ V∗}
with
〈(µ, ν)♭,
[
ξ 0
η −ξT
]
〉 ≡ 1
2
[tr(µT ξ) + tr(νη)] .
For the element (αL3, βI)
♭, L3 = e12 − e21, (Appendix 2), one obtains
Ad∗(h,w)−1(αL3, βI)
♭ = (α(hT )−1L3h
T − 2βwhhT + 2
3
βTr(whhT ), βhhT )♭
such that when α 6= 0 the stability group G(α,β) of (αL3, βI)♭ is
G(α,β) = {(SO(2), w0I), w0 ∈ R} ,
while for α = 0
G(0,β) = {(SO(3), w0I), w0 ∈ R} .
Thus, as CM(3) is 14-dimensional, when α 6= 0 the coadjoint orbits are 12-
dimensional, and 10-dimensional when α = 0. The moment map J : T ∗Q 7→
g∗ is a diffeomorphism from the phase space M = T ∗Q to the coadjoint orbit
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of the element (0, βI)♭.
3. The relativistic particle
If H = SO(3, 1) is the Lorentz group, and V = R3,1 is the Minkowski space,
then G = H×V is the Poincare´ group. The Lie algebra so(3, 1) is generated
by six 4 × 4 real matrices, {Ji, Ki, i = 1, 2, 3}, with nonvanishing elements
(Ji)kl = ǫikl, i, k, l = 1, 2, 3, (Ki)µν = δµ0δiν + δν0δiµ, µ, ν = 0, 1, 2, 3, and
commutation relations [Ji, Jk] = −ǫikmJm, [Kl, Km] = ǫlmiJi, [Jm, Ki] =
−ǫmilKl.
As10 so(3, 1) ≃ sl(2,C), an element ξ = α ·K+ β · J ∈ so(3, 1), α, β ∈ R3,
corresponds to x = (α+ iβ) · σ/2 ∈ sl(2,C), by σ ≡ (σ1, σ2, σ3) denoting the
Pauli matrices.
An element F ∈ g∗ can be expressed in the form
F = p0X
∗
0 − p ·X∗ + κ ·K∗ + s · J∗ ,
where the basis (X∗0 ,X
∗,K∗,J∗) is defined by X∗µ(Xν) = δµ,ν , K
∗
i (Kl) =
J∗i (Jl) = δil. Denoting f ≡ (p0,p, κ, s), the orbit G · F contains f0 ≡
(m0c, 0, 0, s0), where m0 and s0 are the ”intrinsic” mass and angular mo-
mentum. As Gf0 ≃ R× SO(2,R), (time translations × rotations around s0),
if s0 6= 0, and Gf0 ≃ R × SO(3,R) if s0 = 0, for massive particles the orbits
G · F ≃ G/Gf0 are 8, respectively 6 dimensional.
5 Appendix 1: Adjoint group actions
Let G be a Lie group, and M = T ∗G. The left and right translations on G
are defined by La(h) = ah, and Ra(h) = ha, respectively, while R˜a = Ra−1 is
the action to the right.
For ξh ∈ ThG one gets
ThLaξh ∈ TahG , ThRaξh ∈ ThaG ,
while for α ∈ T ∗hG,
TahL
∗
a−1αh ∈ T ∗ahG , Tha−1R∗aαh ∈ T ∗ha−1G .
10sl(2,C) ≃ so(3,C) ≃ sp(2,C), with the real forms sl(2,R) ≃ so(2, 1) ≃ su(1, 1) ≃
sp(2,R) (split) and su(2) ≃ so(3,R) (compact).
One denotes by Φℓa = TL
∗
a−1 and Φ
r
a = TR
∗
a the actions induced by L and R˜
on M . Let Ψ : M 7→ G× g∗ be the map
Ψ(αa) = (a, TeL
∗
aαa) = (a,Φ
ℓ
a−1αa) ∈ G× g∗ .
In the chart Ψ(M), (of intrinsic coordinates), the actions Φℓ and Φr are
represented by the actions denoted λ and ρ, respectively,
Ψ(Φℓaαh) ≡ λaΨ(αh) , Ψ(Φraαh) ≡ ρaΨ(αh) ,
provided by
λa(h, µ) = (ah, µ) , ρa(h, µ) = (ha
−1, Ad∗a−1µ) ,
where
Ad∗a−1 = Φ
r
aΦ
ℓ
a−1 = Te(La−1Ra)
∗ .
The projection on TG of the infinitesimal generators for these actions are
ξℓG(a) = TeRaξ , ξ
r
G(a) = −TeLaξ .
such that the moment maps at αa = Φ
ℓ
aµ are
J ℓαa · ξ = αa(ξℓG(a)) = TeR∗aαa(ξ) = (Ad∗a−1α) · ξ ,
Jrαa · ξ = Φℓaµ(ξrG(a)) = −(Φℓa−1Φℓaµ)(ξ) = −µ · ξ ,
or
J ℓ(a, µ) = Ad∗a−1µ , J
r(a, µ) = −µ .
These maps are equivariant, as
J ℓ(λa(h, µ)) = Ad
∗
a−1J
ℓ(h, µ) , Jr(ρa(h, µ)) = Ad
∗
a−1J
r(h, µ) .
6 Appendix 2: The classical semisimple Lie
algebras
The root space decomposition g = h +
∑
α6=0 gα of a complex semisimple
Lie algebra g with respect to the adjoint representation (adxy = [x, y]) of a
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Cartan subalgebra h provides the Weyl basis {hi, eα, i = 1, rank(g), α ∈ h∗},
with
[h, eα] = α(h)eα , [eα, e−α] = (eα, e−α)hα .
Here (x, y) ≡ Tr(adxady) is the (nondegenerate) Cartan-Killing form, α(h) ≡
(hα, h), (α, β) ≡ (h′α, h′β). If (α1, α2, ..., αl) is an ordered basis in h∗, then
β =
∑
i ciαi is positive (∈ Σ) if the first ci 6= 0 is positive, and simple if it
is positive, but not a sum of positive roots. For the simple roots αi, αj, the
elements of the Cartan matrix Aij = 2(αi, αj)/(αi, αi) are integers, so that
the real span of the Weyl basis is the normal (or split) real form of g. If V is a
finite dimensional vector space, gl(V ) is reductive, and [gl(V ), gl(V )] = sl(V )
is semisimple. When V = Cn, a basis of gl(Cn) ≡ gl(n,C) is provided by
the set of n2 real matrices {epq, p, q = 1, n}, with the single non-vanishing
element, equal to 1, in the row p and column q, (epq)ij = δpiδqj , and [epq.ers] =
δqreps−δpserq, (epp, eqq) = ∑ij(δip−δjp)(δiq−δjq) = 2nδpq−2. This basis can
be represented using a set of n boson operators {b†p, bp, p = 1, n}, [bp, b†q] = δpq,
as epq = b
†
pbq, or a set of n fermion operators, {c†p, cp, p = 1, n}, {cp, c†q} = δpq,
as epq = c
†
pcq.
6.1 Semisimple Lie algebras of type An : sl(n+ 1,C)
sl(n+1,C) = {ξ ∈ gl(n+1,C)/Trξ = 0}. If epq ∈ gl(n+1,C), (epq)ik = δipδkq,
the the diagonal matrices hm, m = 1, n, with
hm =
n+1∑
i=1
cimeii ,
n+1∑
i=1
cim = 0 ,
n+1∑
i=1
cimc
i
m′ = δmm′
satisfy (hm, hm′) = 2(n+1)δmm′ , and provide an orthogonal basis in the Car-
tan subalgebra h of sl(n+1,C). For these elements [hm, epq] = αpq(m)epq with
αpq(m) = −αqp(m) =
n+1∑
i=1
cim(δip − δiq) = cpm − cqm .
Denoting βp ≡ αpp+1, we get αpq = ∑q−1i=p βi. These results provide:
- the set of roots:
∆ = {αpq, p 6= q}
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Figure 1. Dynkin diagram for the An algebras
with (n+ 1)2 − (n + 1) elements.
- the set of positive roots:
Σ = {αpq, p < q}
with n(n + 1)/2 elements.
- the set of simple roots:
Π = {βp = αpp+1, p = 1, n}
with n elements. A particular basis in h consists of the elements gm =
emm − em+1m+1, m = 1, n. For this basis we get
[gm, epq] = (gm, h
′
αpq
)epq , [epq, eqp] = epp − eqq =
q−1∑
i=p
gi = 2(n+ 1)h
′
αpq
where
h′αpq =
1
2(n+ 1)
q−1∑
i=p
gi , (gm, h
′
αpq
) = δmp − δmq + δm+1q − δm+1p
As (βp, βq) = (h
′
βp
, h′βq) = (gp, gq)/4(n+1)
2 = (2δpq− δpq+1− δp+1q)/2(n+1),
we get the Cartan matrix
Amm′ = 2
(βm, βm′)
(βm, βm)
= 2δmm′ − δmm′+1 − δm+1m′ ,
and the Dynkin diagram11 [7] presented in Figure 1.
The compact form su(3) of sl(3,C) is presented in detail in [8].
6.2 Semisimple Lie algebras of type Bn : so(2n+ 1,C)
so(2n+1,C) = {ξ ∈ gl(2n+1,C)/ξT = −ξ}, with basis provided by n(2n+1)
independent matrices ξpq = epq − eqp, p, q = −n, ...,−1, 0, 1, ...n. The real
11The circles {◦i} correspond to the simple roots {βi} and the number of lines between ◦i
and ◦j is equal to AijAji = 4 cos2 θij , where θij is the angle between βi and βj . Whenever
(βi, βi) < (βj , βj), the lines get an arrow pointing towards ◦i [6].
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span of this basis generates the compact real form so(2n + 1,R), but to
obtain the Weyl basis the representation should be changed to wξw−1, with
wij = [(1+ i)δij+(1− i)δi−j ]/2, (w−1 = w† = w∗). In the new representation
so(2n+ 1,C) is generated by the elements
{fpq = −f−q−p = epq − e−q−p/p, q = −n, ...,−1, 0, 1, ..., n} ,
while the real span of fpq generates so(n+ 1, n).
As [fpq, fkl] = δqkfpl − δlpfkq + δp−kf−lq + δ−qlfk−p we get
[fpp, fkl] = αkl(p)fkl ,
with αkl(p) = δpk − δpl + δp−l − δp−k, and
[fkl, flk] = fkk − (1− 2δk−l)fll .
These commutation relations provide:
- the set of roots:
∆ = {αkl(p), k > −l, k 6= l}
with 2n2 elements.
- the set of positive roots:
Σ = {αkl(p) = δpk − δpl, l > k > 0}∪
{αkl(p) = −δp−k − δpl,−l < k < 0} ∪ {α0l(p) = −δpl, 1 ≤ l ≤ n}
with n2 elements.
- the set of simple roots:
Π = {β0 = α01} ∪ {βk = αkk+1, k = 1, n− 1}
with n elements. In terms of the simple roots
αkl =
l−1∑
i=|k|
βi + 2
|k|−1∑
i=0
βi if − l < k < 0 ,
α0l =
∑l−1
i=0 βi, and
αkl =
l−1∑
i=k
βi if l > k > 0 .
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Figure 2. Dynkin diagram for the Bn algebras
Because
h′α0l = −
fll
2(2n− 1) , h
′
αkk+1
=
fkk − fk+1 k+1
2(2n− 1) , .
and
(fpp, fqq) =
n∑
−l<k=−n
αkl(p)αkl(q) = 2(2n− 1)δpq
we get
(β0, β0) =
1
2(2n− 1) , (βk, βk) = −2(βk−1, βk) =
1
2n− 1 , k = 1, n− 1 ,
such that the angles between the simple roots are specified by cosϕ01 =
−1/√2 and cosϕkk+1 = −1/2, k > 0. The Dynkin diagram associated to the
Cartan matrix [2(βi, βj)/(βi, βi)] is represented in Figure 2.
In the case of so(5.C), if Σ = {α−12, α01, α02, α12}, then Π = {α01, α12}.
Some applications with so(5) as a subalgebra of so(8) are presented in [9, 10].
6.3 Semisimple Lie algebras of type Cn : sp(2n,C)
sp(2n,C) = {ξ ∈ gl(2n,C)/ξTJ = −Jξ}, where J has the n× n block form
J =
[
0 I
−I 0
]
.
Because any element ξ ∈ sp(2n,C) can be expressed as
ξ =
[
a b
c −aT
]
, b = bT , c = cT ,
a basis in sp(2n,C) is provided by n2 independent matrices A,
Aij =
[
eij 0
0 −eji
]
,
n(n+ 1)/2 independent matrices B,
Bij =
[
0 eij
0 0
]
+
[
0 eji
0 0
]
,
26
and n(n+ 1)/2 independent matrices C,
Cij =
[
0 0
eij 0
]
+
[
0 0
eji 0
]
.
The commutation relations are specified by
[Aii, Apq] = (δip − δiq)Apq ,
[Aii, Bpq] = (δip + δiq)Bpq ,
[Aii, Cpq] = −(δip + δiq)Cpq ,
[Bpq, Cpq] = (2δpq + 1)App + Aqq ,
[Apq, Aqp] = App − Aqq ,
with i, p, q = 1, n. Denoting αpq(i) = δip − δiq, p > q and α′pq(i) = (δip + δiq),
p ≥ q, we get the set of roots:
∆ = {αpq,−αpq, p, q = 1, n/p > q} ∪ {α′pq,−α′pq, p, q = 1, n/p ≥ q} ,
with 2n2 elements.
- the set of positive roots:
Σ = {αpq, p, q = 1, n/p < q} ∪ {α′pq, , p, q = 1, n/p ≤ q} ,
with n2 elements.
- the set of simple roots:
Π = {βp = αpp+1, p = 1, n− 1} ∪ {βn = α′nn}
with n elements. In terms of the simple roots
αpq =
q−1∑
i=p
βi , α
′
qq = βn + 2
n−1∑
i=q
βi , α
′
pq = (1− δpq)αpq + α′qq .
The Cartan subalgebra is generated by n independent diagonal matrices,
h′βp =
App − Ap+1p+1
4(n+ 1)
, p < n , h′βn =
Ann
2(n+ 1)
.
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Because
(Aii, Ajj) = 2
∑
p>q
αpq(i)αpq(j) + 2
∑
p≥q
α′pq(i)α
′
pq(j) = 4(n+ 1)δij
we get
(βp, βq) =
2δpq − δpq+1 − δp+1q
4(n + 1)
, (βp, βn) = − δpn−1
2(n + 1)
, p < n
and (βn, βn) = 1/(n + 1). The Dynkin diagram associated with the matrix
[2(βi, βj)/(βi, βi)] is represented in Figure 3.
6.4 Semisimple Lie algebras of type Dn : so(2n,C)
so(2n,C) = {ξ ∈ gl(2n,C)/ξT = −ξ} Considering the notation introduced
above for Bn, in the Weyl basis so(2n,C) is generated by the elements
{fpq = −f−q−p = epq − e−q−p/p, q = −n, ...,−1, 1, ..., n} ,
having as real span so(n, n). Because h = {fpp.p = 1, n}, and
[fpq, fkl] = δqkfpl − δlpfkq + δp−kf−lq + δ−qlfk−p ,
we get [fpp, fkl] = αkl(p)fkl with αkl(p) = δpk − δpl + δp−l − δp−k. Also
[fkl, flk] = fkk − (1− 2δk−l)fll .
These relations provide:
- the set of roots:
∆ = {αkl(p), k > −l, k 6= l/k, l = −n, ...,−1, 1, ...n}
with 2n(n− 1) elements.
- the set of positive roots αkl with k > |l| or l > |k|,
Σ = {αkl(p) = δpk − δpl, l > k > 0}∪
{αkl(p) = −δp|k| − δpl,−l < k < 0}
28
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with n(n− 1) elements.
- the set of simple roots:
Π = {β0 = α−12} ∪ {βk = αkk+1, k = 1, n− 1}
with n elements. In terms of the simple roots
αkl =
l−1∑
i=k
βi , l > k > 0 ,
α−|k||k|+1 = β0 + β1 + βk + 2
|k|−1∑
i=2
βi , k = 1, n− 1 ,
and α−|k|l = α−|k||k|+1 + α|k|+1l, l > |k|. Because
h′α−12 =
−f11 − f22
4(n− 1) , h
′
αkl
=
fkk − fll
4(n− 1) , l > k > 0 ,
and
(fpp, fqq) =
n∑
−l<k=−n
αkl(p)αkl(q) = 4(n− 1)δpq
we get (β0, β1) = 0,
(β0, β0) = (βk, βk) = −2(β0, β2) = −2(βk, βk+1) = 1
2(n− 1) , k = 1, n− 1
such that the angles between the simple roots are specified by cosϕ01 = 0,
cosϕ02 = −1/2 and cosϕkk+1 = −1/2 for k ≥ 1. The Dynkin diagram
associated with the matrix [2(βi, βj)/(βi, βi)] is represented in Figure 4.
Let c†i , ci be the fermion creation and annihilation operators for a quantum
many-body system described in terms of n > 1 single-particle states, specified
by i = 1, n. Then
[c†ici, c
†
jc
†
k] = (δij + δik)c
†
jc
†
k , [c
†
ici, cjck] = −(δij + δik)cjck ,
and [c†ici, c
†
jck] = (δij−δik)c†jck, so that the set S = {c†ic†j, cicj , c†icj/i, j = 1, n}
generates an so(2n) algebra. For a two-state system so(4,C) ≃ sl(2,C) +
sl(2,C) is generated by
J+ = c
†
1c2 , J0 =
1
2
(c†1c1 − c†2c2), J− = c†2c1
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and
P+ = c
†
1c
†
2 , P0 =
1
2
(c†1c1 + c
†
2c2 − 1), P− = c2c1 .
An application of the coherent states generated by S can be found in [11].
7 Appendix 3: Symplectic actions and invari-
ance
Let (M,ω) be a symplectic manifold, Φa a symplectic action of the Lie group
G on M , and XH a Hamiltonian field on M , iXHω = dH . The equations of
motion are called invariant to the action of G if
Φ∗aXH = XH , ∀a ∈ G .
When the equations of motion are invariant Φ∗aH−H ≡ ρ(a) is a constant on
M and ρ(ab) = ρ(a) + ρ(b), ∀a, b ∈ G, so that a 7→ ρ(a) is a homomorphism
of G into R. If G is compact then ρ(a) = 0, and H is invariant to the action
of G.
The Poisson bracket of the functions f , g on M is {f, g} = ω(Xf , Xg)
and
d
dt
(f ◦ Ft) = {f ◦ Ft, H}
or
f˙ = df(XH) = LXHf = ω(Xf , XH) = {f,H} .
8 Appendix 4: The rigid body and geodesic
motion
Let {xi, i = 1, 2, 3} be the space coordinates in the laboratory frame, and
{x′k =
∑
iRkixi}, the coordinates in the rotated (intrinsic) frame. The rota-
tion matrix R can be taken of the form R = eψJ3eθJ1eϕJ3, where (ψ, θ, ϕ) are
the Euler angles, and the so(3,R) generators (J1, J2, J3) are 3 × 3 matrices
with elements (Ji)kl = ǫikl, and commutation relations [Ji, Jk] = −ǫiklJl.
If (ψ, θ, ϕ) depend on time, then
R˙ = R
∑
i
ωiJi =
∑
i
ω′iJiR
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defines the angular velocity components ωi, ω
′
i (ω
′
k =
∑
iRkiωi ) in the labo-
ratory, respectively in the intrinsic frame. Explicitly,
ω′1 = θ˙ cosψ + ϕ˙ sin θ sinψ
ω′2 = −θ˙ sinψ + ϕ˙ sin θ cosψ
ω′3 = ψ˙ + ϕ˙ cos θ .
For the rigid body the kinetic energy is T =
∑
pq Ipqω
′
pω
′
q/2 =
∑
ij gijωiωj/2,
where Ipq = Ipδpq is the intrinsic moment of inertia (constant), and gij =∑
pq R
−1
ip R
−1
jq Ipq. Thus, Lk = ∂T/∂ωk, ( L
′
k = ∂T/∂ω
′
k), are the angular
momentum components, and with
g˙ij =
3∑
k,l=1
ǫiklωkglj + ǫjklωkgli ,
the conservation law L˙k = 0, k = 1, 2, 3, yields the Euler equations
L˙′ = L′ × ω′ ,
or gω˙ = L× ω.
It is interesting to remark that if gij is considered as a metric tensor, and
Γmij =
3∑
l=1
gml
2
(gil,j + gjl,i − gij,l)
as Christoffel symbols of a Riemannian connection, then for a geodesic γ(t),
γ˙ = η, the equation η˙m = −∑ij Γmijηiηj takes the form gη˙ = 2(gη)× η.
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